Abstract. We study a class of KMS-symmetric quantum Markovian semigroups on a quantum spin system (A, τ, ω), where A is a quasi-local algebra, τ is a strongly continuous one parameter group of * -automorphisms of A and ω is a Gibbs state on A. The semigroups can be considered as the extension of semigroups on the nontrivial abelian subalgebra. Let H be a Hilbert space corresponding to the GNS representation constructed from ω. 
Introduction
A KMS symmetric quantum Markovian semigroup {S t } t≥0 on a von Neumann algebra M is a KMS symmetric, weakly continuous, contractive and identity preserving semigroup on M [6] . Quantum Markovian semigroups are the natural generalization of classical Markovian semigroups and were introduced in physics to model the decay equilibrium of quantum open systems [2, 3, 6, 8, 9] .
Many mathematicians and physicists are interested to the problems whether quantum Markovian semigroups on the subalgebra of a von Neumann algebra or a C * -algebra have their extensions on the full algebra. The problem of the extension was studied in [1, 5, 7] . In [5] , authors constructed a special class of generic quantum Markovian semigroups arising in the stochastic limit of a discrete system with generic free Hamiltonian interacting with a mean zero, gauge invariant, Gaussian field, and studied its properties. The semigroups are constructed on the algebra B(h) of all bounded operators on a complex separable Hilbert space h and leave invariant not only the diagonal subalgebra but also the off diagonal subspace with respect to a fixed basis of h. The action on diagonal operators describes a classical Markov jump process. Goderis and Maes [7] studied a quantum dynamical system which is an extension of the classical system such that the property of local reversibility is preserved.
Let M be a von Neumann algebra acting on a complex Hilbert space H and ξ 0 be a fixed cyclic and separating vector for M. Let ∆ and J be the modular operator and the modular conjugation associated with the pair (M, ξ 0 ) [4] . Consider the symmetric embedding:
For a given KMS symmetric quantum Markovian semigroup {S t } t≥0 on M, the semigroup {T t } t≥0 on H defined by 
is a KMS symmetric quantum Markovian semigroup. (See Theorem 2.11 and Theorem 2.12 of [6] .) The purpose of this paper is to study a class of KMS symmetric quantum Markovian semigroups on a quantum spin system (A, τ, ω), where A is a quasi-local algebra, τ is a strongly continuous one parameter group of * -automorphisms of A and ω is a Gibbs state on A. The semigroups can be considered as the extension of semigroups on the nontrivial abelian subalgebra. Let H be a Hilbert space corresponding to the GNS representation constructed from ω. Using the general construction method of Dirichlet forms developed in [8] (noncommutative Dirichlet form in the sense of Cipriani [6] This paper is organized as follows. In Section 2, we introduce a quantum spin system, and construct the symmetric Markovian semigroups by employing the general construction method of Dirichlet forms developed in [8] on standard forms of von Neumann algebras. In Section 3, we give the concrete action of the semigroup constructed in Section 2 and investigate some properties of the semigroup.
Quantum Markovian semigroups
In this section, we introduce a quantum spin system and construct the symmetric Markovian semigroup by employing the general construction method of Dirichlet forms developed in [8] on standard forms of von Neumann algebras.
Let M 2 (C) be the algebra of 2 × 2 matrices with complex entries. Any 2 × 2 matrix is decomposed as a linear combination of the Pauli matrices S 0 , S x , S y , S z defined by
We define projection operators on C 2 with an inner product (·, ·):
) and |η ξ| denotes the one rank operator on C 2 such that |η ξ|ζ = (ξ, ζ)η.
Let F be the family of bounded sets in Z ν :
For each Λ ∈ F, A Λ is the local C * -algebra given by
The quasi local algebra A is defined as the uniform closure of A 0 : 
Hence ω is a thermodynamic limit point of the local Gibbs states in the sense that
for all A ∈ A Λ and all Λ ∈ F. The thermodynamic limit ω is a τ -KMS state on A (Proposition 6.2.15 of [4] ). Let (H ω , π ω , Ω ω ) be the GNS-representation (or cyclic representation) of (A, ω) [4] . Throughout this paper, we write that
To simplify the notations, we will omit π ω such that S To construct a generator of a symmetric Markovian semigroup on H, we introduce an (normalized) admissible function [8] . 
where
.2. Let H be an operator defined as in (2.5) and (2.6). Then it is a generator of a strongly continuous, symmetric Markovian semigroup
Proof. By Theorem 2.1 of [3] , for each k ∈ Z ν , H k is a (bounded) generator of a strongly continuous, symmetric Markovian semigroup on H. See also Theorem 3.1 of [8] . Clearly M Λ ξ 0 ⊂ D(H) for any Λ ∈ F, and so H is densely defined. Since H is a symmetric operator on H it has a closed extension, denoted by H again. By Theorem 5.2 of [6] , H is a generator of a strongly continuous, symmetric Markovian semigroup {T t } t≥0 , T t = e −tH on H.
Action of the generator H
In this section, we introduce two subspaces of H, the diagonal subspace H d and the off-diagonal subspace H od , H = H d ⊕ H od , and investigate the concrete action of the generator H of the semigroup {T t } t≥0 constructed in Theorem 2.2 on H d and H od , respectively.
We first give elementary facts. 
Lemma 3.1. (a) The following relations hold: for any
Here we have used (3.4) in the second equality. Thus we get
The other relations are obtained by the similar calculation.
We define a (diagonal) subalgebra M d of M, and two Hilbert spaces H d and H od called the diagonal subspace and the off-diagonal subspace, respectively:
(2) Since (S z k ) 2 = 1 for k ∈ Z ν , the subspace generated by the vectors of the form 
The expression (3.7) is rewritten as
This is the Glauber dynamics. 
